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Develop and Understand 
Proportional Reasoning 
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 We want ALL students to develop 
mathematical proficiency in proportional 
reasoning. In order for this to occur, we as 
teachers need to  
n  Address the language needs of students 
n  Understand proportional reasoning 

Description 
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 Question: How do we as teachers 
acquire the following: (1) understanding 
of the language needs of students and 
(2) understanding of proportional 
reasoning?  

Description 
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n  Self efficacy 
n  Conceptual Understanding 
n  Procedural Fluency 
n  Strategic Competence 
n  Adaptive Reasoning 
n  Productive Disposition 
n  Desert vs. desert 
n  Tear vs. tear 

n  Number vs. number 
n  Minute vs. minute 
n  Slim chance 
n  Fat chance 
n  Wise guy 
n  Amoeba 
n  Discourse 
n  Metacognition 

Frontloading Language 
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Challenges Facing Students 

n  Access to the language of mathematics 
n  Access to the mathematics content 
n  Expectations of some students 
n  Self efficacy 
n  Equity and quality 

8 

Mathematical Proficiency 

n  Conceptual Understanding 
n  Procedural Fluency 
n  Strategic Competence 
n  Adaptive Reasoning 
n  Productive Disposition 

Adding it Up 
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Make Sense of Problems and 
Persevere in Solving Them 

DO STUDENTS: 
n  Explain a problem to themselves, determine what it means, 

and seek possible entry points? 
n  Analyze what’s given, constraints, relationships, and 

goals? 
n  Make conjectures about what the solution might look like? 
n  Plan a solution pathway instead of jumping into a solution? 
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Make Sense of Problems and 
Persevere in Solving Them 

n  Use multiple representations (verbal descriptions, 
symbolic, tables, graphs, diagrams, etc.)? 

n  Check their answers using different methods? 
n  Continually ask “Does this make sense?” 
n  Understand the approaches of others and identify 

correspondences between different approaches? 

Standards for Mathematical Practice 



n  The soldier decided to desert his dessert in the 
desert. 

n  Upon seeing the tear in the painting, I shed a 
tear. 

n  After a number of injections, my jaw got number. 
n  A minute is a minute part of a day. 
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Why Is English So Hard? 

n  There is no egg in eggplant and no ham in 
hamburger. 

n  How can a slim chance and a fat chance be the 
same, while a wise man and a wise guy are 
opposites? 

n  Did you say thirty or thirteen? 
n  Did you say two hundred or two hundredths? 
n  Did you say fifty or sixty? 
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Why Is English So Hard? 
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Mathematics Language vs. English 

n  Is zero a number? 
§  I own a number of algebra books. 

§  I have a number of friends. 

n  Is a straight line a curve? 
§  English: a straight line isn’t a curve 

§  Mathematics: the simplest example of a curve 
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n  What is a line? 
§  English: any line segment 

§  Mathematics: line is an infinite line 

n  Multiplying . . . 
§  English: repeated addition--larger 

§  Mathematics: larger, smaller, or neither 

Mathematics Language vs. English 
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n  Dividing . . . 
§  English: cut into pieces 

§  Mathematics: same as multiplication (dividing by 
a non-zero number is multiplying by its 
reciprocal). 

n  “Ameobas multiply by dividing” 

Mathematics Language vs. English 
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n  “a” 
§  Problem: Show that a number divisible by 6 is even. 

§  Answer: 42 

§  Why is that not a proof? 

§  “a” means “every” 

§  The interpretation “some” is too trivial. 

Mathematics Language vs. English 
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n  “or” 
§  Coffee or tea? 
§  Are you coming or going? 
§  Was that your father or father-in-law? 
§  Do it now or later. 

Mathematics Language vs. English 
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n  “or” 
§  English: “or” is exclusive. 

§  Mathematics: by convention “or” is inclusive 
(“A or B” is true if and only if A or B or both is 
true). 

Mathematics Language vs. English 
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9th and 10th graders’ responses 

n  Tom had 5 apples. He ate 2 of them. How many 
apples were left? 
n  A.  10     B.  7     C.  5     D.  3 (100%) 

n  Guinevere had 5 pomegranates. She ate 2 of them. 
How many pomegranates were left? 
n  A.  10 (22%)     B.  7 (24%)     C.  5 (23%)     D.  3 (31%) 

The Guinevere Effect 
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 Teachers learn to amplify and enrich--rather 
than simplify--the language of the classroom, 
giving students more opportunities to learn the 
concepts involved. 

 
  Aída Walqui, Teacher Quality Initiative 
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 Let’s get into proportional reasoning. We must 
always begin any lesson with the mathematics 
language that we plan to use or the language 
we expect students to know before the lesson. 

Proportional Reasoning 
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Mathematics Language 

n  Reasoning 
n  Proportional reasoning 
n  Scale up 
n  Scale down 
n  Constant of 

proportionality 
n  Direct proportion 

n  Inverse proportion 
n  Invariant 
n  Covariation 
n  Exponentiation 
n  Intensive quantities 
n  Ratios 
n  Rates 
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Ratios and Proportional 
Relationships in CCSS-M 

n  Standards for Mathematical Practice (from Model with 
mathematics): In middle grades, a student might apply 
proportional reasoning to plan a school event or analyze 
a problem in the community. 

n  Grade 6: Understand ratio concepts and use ratio 
reasoning to solve problems. 

n  Grade 7: Analyze proportional relationships and use them 
to solve real-world and mathematical problems. 
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Reasoning 

 Reasoning suggests that we use common 
sense, good judgment, and a thoughtful 
approach to problem solving, rather than 
plucking numbers from word problems or any 
problem and blindly applying rules and 
operations. 
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Proportional Reasoning 

 Proportional reasoning will refer to the ability to 
scale up and down in appropriate situations and 
to supply justifications for assertions made 
about relationships in situations involving simple 
direct proportions and inverse proportions. 
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Proportional Reasoning 

 In colloquial terms, proportional reasoning is 
reasoning up and/or down in situations in which 
there exists and invariant (constant) relationship 
between two quantities that are linked and 
varying together. 
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Proportional Reasoning 

 Many students who have not developed their 
proportional reasoning ability have been able to 
compensate by using rules in algebra, geometry, and 
trigonometry courses, but, in the end, the rules are a 
poor substitute for understanding. We need to get 
away from having students start with a/b = c/d. We 
need students to understand proportional reasoning, 
and we need to develop proportional reasoning in 
students. 
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Proportional Relationships 

 Proportional relationships involve some of the 
simplest forms of covariation, where two quantities 
are linked to each other in such a way that when 
one changes, the other one also changes in a 
precise way with the first quantity. Let’s look at a 
couple of problems. 
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Laundry Detergent 

n  If a box of detergent contains 80 cups of 
powder and your washing machine 
recommends 1 ¼ cups per load, how many 
loads can you do with one box? 
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Laundry Detergent 
 1 ¼ cups   1 load 
 5   cups   4 loads 
 40 cups   32 loads 
 80 cups   64 loads 

 The ratio of cups to loads is 1¼:1 or 5:4. 

n  In a direct proportion, the direction of change in the 
related quantities is the same. We say that “y is 
directly proportional to x” or that “y varies as x.” 
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Men Working 
n  It takes 6 men 4 days to complete a job. How long will it 

take 8 men to do the same job, assuming that they all 
work at the same pace? 
n   Think: 6 men work 4 days 
n   1 man doing the work of 6 men all by himself takes 24 days 
n   8 men, dividing up the work that 1 man did, take 3 days 
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Men Working 

n  In inverse proportion, the direction of change in the related 
quantities is not the same. We say that “y is inversely 
proportional to x” or that “y varies inversely as x.” 

# men # days # man days 

6 4 24 
1 24 24 

8 3 24 

4 6 24 

2 12 24 
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Multiplicative Thinking 
n  Differentiate between additive and multiplicative situations 

and apply whichever transformation is appropriate. 

n  Process of addition is associated with situations that entail 
adding, joining, subtracting, separating, and removing. 

n  Process of multiplication is associated with situations that 
involve such processes as shrinking, enlarging, scaling, 
duplicating, exponentiating and fair sharing. 

n  Students need to comprehend intensive quantities 
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Intensive Quantities 
n  Intensive quantities are ratios that are formed by comparing two 

other quantities and they are not always explicit in the wording 
of the problem. 

n  For your party, you had planned to purchase 2 pounds of mixed 
nuts for 8 people, but now 10 people are coming. How many 
pounds should you purchase? 

  # People  Pounds of nuts 
         8    2 
       10    ? 
 The implicit third quantity is pounds per person. 
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Your Turn: Getting Started 

 Answer these questions mentally, using 
proportional reasoning. Do not use a/b = c/d. 
Do not use algebra. Do not perform 
computation. Use pen or pencil to record your 
answers and reasoning ONLY. 
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Your Turn: Getting Started 

1.  Six men can build a house in 3 days. Assuming that all of the 
workmen work at the same rate, how many men would it take to 
build the house in 1 day? 

2.  If 6 chocolates cost $.93, how much do 22 cost?  

3.  Between them, Jose and Marisol have 32 marbles. Jose has 3 
times as many as Marisol. How many marbles does each of them 
have? 

4.  Guillermo can mow Ms. Rivas’ lawn in 45 minutes. Guillermo’s 
little brother takes twice as long to do the same lawn. How long will 
it take them if they each have a mower and they work together? 

 

38 

Your Turn: Getting Started 
5.  Yolanda wants to buy a CD player costing $210. Her mother agreed to 

pay $5 for every $2 Yolanda saved. How much will each contribute?  

6.  A company usually sends 9 men to install a security system in an office 
building, and they do it in about 96 minutes. Today, they have only three 
men to do the same size job. How much time should be scheduled to 
complete the job? 

7.  A motorbike can run for 10 minutes on $1.30 worth of fuel. How long 
could it run on $.91 worth of fuel? 

8.  Washington Academy boasts a ratio of 150 students to 18 teachers. 
How can the number of teachers be adjusted so that the academy’s 
student-to-teacher ratio is 15 to 1? 
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Delivery of Instruction 

n  Engage students in high cognitive demand tasks. 

n  Assess by walking around (ABWA). Provide 
access to the language of mathematics. 

n  Allow for discourse (Think, Ink, Pair, Share--TIPS) 

n  Set high expectations and increase expectations 

n  Allow students to explore why—metacognition 
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Make Sense of Problems and 
Persevere in Solving Them 

DO STUDENTS: 
n  Explain a problem to themselves, determine what it 

means, and seek possible entry points? 
n  Analyze what’s given, constraints, relationships, and 

goals? 
n  Make conjectures about what the solution might look like? 
n  Plan a solution pathway instead of jumping into a solution? 
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Make Sense of Problems and 
Persevere in Solving Them 

n  Use multiple representations (verbal descriptions, 
symbolic, tables, graphs, diagrams, etc.)? 

n  Check their answers using different methods? 
n  Continually ask “Does this make sense?” 
n  Understand the approaches of others and identify 

correspondences between different approaches? 

Standards for Mathematical Practice 

42 

Acquiring the Knowledge 

n  Become familiar with the content and academic language of 
your lesson and possible misinterpretations.  

n  Frontload the academic/mathematics/English language of the 
mathematics content. 

n  Amplify and enrich the language. 

n  English language learners are trying to catch a moving target. 

n  Be aware of how your students interpret the academic and 
mathematics language. 
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 What is the ratio of men to women in a town 

where two-thirds (2/3) of the men are married 

to three-fourths (3/4) of the women? 
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 When you design instruction, you start with the cognitively demanding 
mathematics you want students to learn. You gain an in-depth 
understanding of the content. Then you incorporate the most effective 
instructional practices to meet the needs of your students. You 
instinctively know to frontload the language, to ask questions of 
students, to have students think, ink, pair, share, to increase discourse, 
to increase student engagement, to assess, etc. This process becomes 
second nature to you. You are addressing the needs of ALL students, 
particularly English language learners. 

Putting This Together 
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Equity and Quality 

 How do we provide access to ALL students? We want 
students to make sense of rigorous, high quality, and 
cognitively demanding mathematics. We want them to 
approach the zone of proximal development, not the zone of 
minimal effort (e.g., assigning only lower level problems, not 
requiring homework, expecting less). We want equity and 
quality. Equity without quality is meaningless. Quality without 
equity is unjust. We must always ask ourselves, what can 
we do to incorporate both? 



51 

 It is up to us to provide greater access and opportunity to high 
cognitive level mathematics by enriching the language and by 
using instruction that supports the learning needs of ALL 
students. It is up to us to acquire the understanding of 
proportional reasoning. What will you do to acquire the 
knowledge so that the understanding of the content and the 
integration/infusion of mathematics and language becomes 
second nature to you?  

 

Final Thoughts 
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 CMP:  http://www.cmpso.org  

 CMC: http://www.cmc-math.org/resources/main.html  

 TODOS:  http://www.todos-math.org 

 “Teaching Fractions and Ratios for Understanding” by 
Susan J. Lamon 

 

Susie W. Håkansson 


